The step-up method is used to estimate the impulse breakdown voltages when the electrical insulation is not usable after it is broken. This paper analyses the reliability of the estimates of the underlying breakdown probability distribution in the step-up method, when (1) the observed breakdown voltage itself is available and (2) it is not available. The former case has many advantages compared to the latter case such that (1) the confidence intervals of the estimates become smaller and (2) the estimates can be obtained in stable. This paper summarizes the results of the three cases that the underlying probability distribution for the breakdown voltage is assumed to be normal, Weibull, and gumbel types. The optimal test method is simply and clearly described for various distribution models.
Introduction
In impulse voltage tests, various test methods are used according to the purpose of the test; (1) withstand test, (2) 50% flashover test, (3) impulse test by increasing voltage, (4) V -t (voltage-time) test, are among them. To estimate the impulse breakdown voltage (or impulse flashover voltage) for electrical insulation which has a self-restoring property such as air and SF 6 gas, multiplelevel tests and the up-and-down test method (Dixon and Mood (1) , IEC Pub. 60-1 (2) , JEC-0202 (3) ) are used. If the insulation does not have a self-restoring property, e.g., the insulation will not be able to be used when it is broken, such as epoxy resin, impulse test by increasing voltage is used; we call this the step-up method (as in Hirose (1) ) in this paper. The up-and-down test method is as follows: (1) the initial voltage is set around the mean breakdown voltage level, say v 0 , and (2) if the insulation is not broken at stress level v 0 , then the stress level will be set to a higher level, v 1 = v 0 + d, otherwise the stress level will be set to a lower level, v −1 = v 0 − d, and this upand-down procedure continues for prescribed number of times. If the impulse breakdown voltage follows a normal distribution with mean µ and standard deviation σ, (N (µ, σ)), Dixon and Mood (1) recommend to test under the condition that d is set around σ and the number of up-and-down repetition times is larger than 40.
The step-up test method is as follows: (1) the initial voltage is set to a sufficiently low stress level (e.g., v 0 ) where the insulation would not be broken, and (2) the stress level will be set to a higher level, v 1 = v 0 + d if the insulation is not broken at stress level v 0 in m times impulse tests, this procedure continues until the insulation is finally broken. If the impulse breakdown voltage follows a N (µ, σ), Hirose (4) recommends testing under the condition that (1) d is set around σ, (2) m = 1, (3) and the number of test specimens is larger than 20.
Both the test methods explained above use only the information that the breakdown occurred (indicator is 1) or did not (indicator is 0) at stress level v i . Hirose and Kato (5) proposed the new up-and-down method in which the observed breakdown voltage itself is incorporated into the estimation procedure because of recent improvements of the high speed voltage measuring instrument. Using the proposed method, the estimated errors of the parameters are shown to be dramatically improved. In addition, we do not need to take care with the optimal value of d unlike the conventional up-and-down method. When the insulation does not have a self-restoring property, incorporating the observed breakdown voltage values into the estimation procedure in the step-up method also reduces the estimated errors of the parameters similarly to the new up-and-down method; this method is referred to as the new step-up method (6) . All of these analyses mentioned above is based on an assumption that the underlying probability distribution is assumed to follow a normal distribution. In reliability fields in electrical, mechanical, or civil engineering, the Weibull distribution has often been used as an underlying distribution function. Many researchers in electrical insulation study the Weibull distribution. Therefore, it is natural to investigate the properties of the estimates in the Weibull distribution for these test procedures, especially in the step-up method. This paper discusses a problem similar to Ref. (6) when the underlying distribution is assumed to be the Weibull and gumbel cases which are much more realistic in impulse breakdown of electrical insulation without a selfrestoring property, and summarizes the results for these three (normal, Weibull, and gumbel) underlying distributions; the gumbel distribution is regarded as a limiting probability distribution as the shape parameter of the Weibull distribution goes to infinity. A comparison between the conventional and new step-up methods for these three distribution models are also described.
Nominal Breakdown Voltage
Suppose that an impulse voltage with peak value v strikes the insulation. We can assume that the insulation will be broken if the random variable V of the failure of the insulation is smaller than v. That is, the breakdown probability p by a single impulse strike is de- Here, we propose a method to estimate the breakdown voltages more accurately by using the new step-up method rather than by using the conventional step-up method.
Underlying Probability Distributions
We assume that the underlying probability distributions for the breakdown voltage follows a normal distribution, a two-parameter Weibull distribution, and a two-parameter gumbel distribution,
where σ n , η w , α g are the scale parameters; β w is the shape parameter; µ n and β g are the location parameters. The density functions corresponding to Eqs. (1) (3) are expressed as,
respectively.
All the parameters must be positive in a physical sense, and we should say that the normal distribution is an approximated distribution model.
Estimation Method
Suppose first that the breakdown voltage test is done by the conventional step-up method. Then, the likelihood function for the test sequence is denoted as
and
where m(k) denotes the number of strikes until the insulation is broken at the final stage i(k) for sample k. The expression l F i(k) can be considered as the probability of an extended geometric distribution that the insulation is first broken at stress level v i(k) .
Suppose next that the breakdown voltage test is done by the new step-up method. Then, the likelihood function for the test sequence is denoted as
where
As can be seen in Eqs. (7) to (10), we have already assumed that a one-shot test result is not affected by the preceding test results.
The estimates,θ = (θ a ,θ b ) T , for the conventional step-up method, can be obtained by solving the loglikelihood equations,
where, θ a , θ b are σ n , µ n , η w , β w , α g , β g . Some iterative methods, e.g., the Newton method, can be used to obtain the estimates of the parameters. Their confidence intervals are computed using the observed Fisher information matrix. However, Eq. (11) may not have solutions in a mathematical sense when B-level < 2. Here, B-level is defined as the number of stress levels such that breakdowns and no-breakdowns are observed in mixture at the same stress level, in short. For the new step-up method, the solution can be obtained by solving the log-likelihood equations It should be noted that Eq. (12) has the solutions with probability 1 as long as more than three v i(k) are observed, unlike the log-likelihood equations in the conventional step-up method. This is one of the beneficial properties in the new step-up test procedure.
Example
Suppose that the breakdown strengths are obtained as shown in Table 1 by a Monte Carlo simulation. The starting stress level is 500, the step-up stress is 50, and m = 1. For instance, test piece 1 is broken after 44(= {(2650 − 500)/50} + 1) impulse strikes. The random variables are drawn from a normal distribution with mean 3000 and standard deviation 500. This simulation example is based on a real data case: the insulation material is epoxy-resin, initial imposed electrical strength is 500kV/cm, and the step-up distance in electrical strength is 50kV/cm.
The nominal mean and the standard deviation of the breakdown strength are obtained to be 2440 and 390, respectively, and it appears that these values are apparently smaller than the parameter values of 3000 and 500.
The maximum likelihood estimates and approximate standard errors for parameters in the new step-up method and in the conventional method are shown in Table 2 . In Table 2 , all the simulated data are taken from Table 1 , and the estimated values are obtained by fitting the corresponding models to the simulated stepup voltage data. The standard errors for the estimates in the new step-up method seem to be smaller than those in the conventional step-up method in all the distribution models. This tendency is generally true as will be shown in the next section. This is the second beneficial property in the new step-up method.
Optimal Test Procedure
Let us define the matrix of I,
and let s be
The asymptotic errors, e(θ a ) and e(θ b ), for θ a and θ b can be denoted as √ s aa and √ s bb . If the insulation is not broken at level i, the expectation of surviving at level i for 1 test piece is
If the insulation is broken at level i, the expectation of failure at level i for 1 test piece is
· · · · · · · · · · · · · · · · · · · · · (16)
Therefore, each element of I for the conventional step-up test is expressed as
In the case of the Weibull model, we may assume that the coefficient of variation (ratio of standard deviation to mean), cv, is located to be 0.03 ≤ cv ≤ 0.20 for non-selfrestoring insulation. This range corresponds approximately to 6 ≤ β ≤ 40. Thus, we deal with the cases here that β = 6, 8, 12, 25, 40 which corresponds approximately to cv = 0.19, 0.15, 0.10, 0.05, 0.03, respectively. For instance in the example case of epoxy-resin insulation, cv = 500/3000 ≈ 17%.
Figures 1 6 show e(σ n ) (the same as in Ref. (6)), e(µ n ) (the same as in Ref. (6)), e(η w ) (the same as in Ref. (7)), e(β w ) (the same as in Ref. (7)), e(α g ) and e(β g ) against d/σ when m = 1 for both the conventional and new step-up methods; σ is the standard deviation; in the figures, "v j = µ for some j" means that the mean, µ, of the underlying distribution is located just on some predetermined step-up level v j , and "(v j−1 + v j )/2 = µ for some j" means that the mean of the underlying (2) The dependence of the asymptotic unit errors on d/σ in the new step-up is lighter than that in the conventional step-up method.
(3) As for e(σ n ), e(µ n ), e(β w ), and e(α g ), we do not care about d/σ; as for e(η w ) and e(β g ), the larger the d/σ, the smaller the asymptotic errors.
In short, the new step-up method markedly improves the reliability of the estimates of θ a and θ b compared to the conventional step-up method. In a typical case, about a half of the sample size in the new step-up method is sufficient for obtaining the equivalent reliability to the conventional method. This is the result for the case of m = 1, but this tendency is also true for m > 1.
Next, we investigate the median estimator for these three distribution models; we are also interested in the reliability of the estimates of the 50% impulse breakdown voltage. Figures 7 shows e( 
In the normal case, see Figure 2 because the mean and the median are the same. In the Weibull model, the transformed value, e(x 0.5 ) · β/x 0.5 , would not be influenced by the value of the shape parameter β, which is shown in Figure 8 . From Figures 2, 7 , and 8, we can see that the new step-up method gives the lower estimating errors than the conventional method; in addition, the errors are less influenced by d/σ in the new model than the conventional model typically when d/σ > 0.5. We also see that these three figures are much the same even if the underlying probability distribution differs from each other.
Optimal Strategy of the Test
According to the kind of the estimators, the optimal strategy of the test may vary; e.g., it would be better to use the smaller step-up distance when we need a lower probability breakdown voltage; this will be seen in the future work. As far as we have studied, the optimal strategy of the step-up test to obtain the median value (or 50% breakdown voltage) is to set the step-up distance to larger than σ/2, as is shown in the previous section, even if the underlying probability distribution differs.
Once we can find the median value of the breakdown voltage by the step-up test, we will use this value such that the breakdown probability by a single impulse strike to the insulation is estimated to be 50%.
Concluding Remarks
To estimate the impulse breakdown voltages accurately for non-self-restoring electrical insulation, the new step-up test method is recommended when the underlying probability distribution is assumed to be some reliability distribution models. This paper first recommends the use of the parameters of the underlying probability distribution. Second, it is advantageous to use the new step-up method if the observed breakdown voltage itself rather than the two-valued information of breakdown and non-breakdown is available. Using the new step-up method, the number of test specimens can be substantially reduced comparing to that in the conventional step-up method to obtain the same estimation reliability. The optimal strategy of the step-up test to obtain the 50% breakdown voltage is to set the step-up distance to larger than the half of the standard deviation of the undelying distribution.
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